In this paper, a kind of Schurer type q-Bernstein-Kantorovich operators is introduced. The Korovkin type approximation theorem of these operators is investigated. The rates of convergence of these operators are also studied by means of the modulus of continuity and the help of functions of the Lipschitz class. Then, the global approximation property is given for these operators. MSC: 41A10; 41A25; 41A36
Introduction
In , Phillips [] introduced and studied q analogue of Bernstein polynomials. During the last decade, the applications of q-calculus in the approximation theory have become one of the main areas of research, q-calculus has been extensively used for constructing various generalizations of many classical approximation processes. It is well known that many q-extensions of the classical objects arising in the approximation theory have been introduced and studied (e.g., see [-] ). Very recently, the book Convergence Estimates in Approximation Theory written by Gupta and Agarwal (see [] ) introduced some approximation properties of certain complex q-operators in compact disks. Also, the Stancu variants of some q-operators have been recently discussed (e.g., see [-] ).
The goal of this paper is to introduce a kind of Schurer type q-Bernstein-Kantorovich operators and to study the approximation properties of these operators with the help of the Korovkin type approximation theorem. We also estimate the rate of convergence of these operators by using the modulus of continuity and the help of functions of the Lipschitz class. Then, we give the global approximation property for these operators.
Throughout the paper, we use some basic definitions and notations of q-calculus which can be found in Aral et al. [] .
In the paper, C is a positive constant. In different places, the value of C may be different. 
Construction of the operators
In , Muraru [] introduced and studied the following q-Bernstein-Schurer operators for any fixed p ∈ N ∪ {}:
, n ∈ N,  < q < . The moments of these operators B n,p (f ; q; x) were obtained as follows (see [] ).
In , Mahmudov and Sabancigil [] defined q-Bernstein-Kantorovich operators as follows:
, n ∈ N,  < q < . Inspired by the operators above, we introduce a kind of Schurer type q-BernsteinKantorovich operators as follows.
Let f ∈ C[,  + p] and p ∈ N ∪ {} be fixed. For x ∈ [, ], n ∈ N,  < q < , we define the Schurer type q-Bernstein-Kantorovich operators by
where n,q are quite different from operators S n,p defined by (), and our research work is different from that in [] , where statistical approximation properties were studied for K (α,β) n,q . Now, we give some lemmas, which are necessary to prove our results.
In view of Lemma  and Remark , by direct computation, we obtain explicit formulas for S n,p (t i ; q; x), i = ,  as follows.
Lemma  Let p ∈ N ∪ {} be fixed. For any n ∈ N, x ∈ [, ] and  < q < , we have
(ii) For p ∈ N ∪ {} and any n ∈ N, using Remark , Lemma  and
we have
Lemma  For f ∈ C[,  + p], x ∈ [, ]
and n ∈ N, we have
Proof In view of the definition given by () and Lemma , we have
, the second order modulus of smoothness for f is defined as
the usual modulus of continuity for f is defined as
For f ∈ C[,  + p], following [], p., Theorem ., there exists a constant C >  such that
Main results
Firstly we give the following convergence theorem for the sequence {S n,p (f ; q)}. We prove the converse result by contradiction. If {q n } does not tend to  as n → ∞, then it must contain a subsequence {q n k } ⊂ (, ) such that lim k→∞ q n k = q  ∈ [, ). Thus
Theorem  Let q n ∈ (, ). Then the sequence {S
Taking n = n k , q = q n k in S n,p (t; q; x), by Lemma  we get
This leads to a contradiction, hence lim n→∞ q n = . The theorem is proved.
Next we estimate the rate of convergence.
, where
Proof By Lemma  we have
Since for t ∈ [,  + p], x ∈ [, ] and any δ >  we have
By Lemma  and Lemma , for x ∈ [, ], we have
Taking δ = δ n (x), from the above inequality we obtain the desired result.
where
n , where δ n (x) and η n are given in () and (), respectively, which implies the proof is complete.
where C is a positive constant, δ n (x) is given by ().
where a n =
, by Taylor's formula, we obtain
Using the inequality (a -b)
so, by the definition given by () and Lemma , for x ∈ [, ], we have
On the other hand, by the definition given by () and Lemma , we have
Thus, for x ∈ [, ], using Lemma (i), we have
Hence, taking infimum on the right-hand side over all g ∈ W  , we can get
By inequality (), for every q ∈ (, ), we have
By using the Cauchy-Schwarz inequality, we have
Thus, by Lemma  and Lemma , for x ∈ [, ], we can get
Taking δ = δ n (x), then from the above inequality we obtain the desired result. Finally we give the global approximation for the sequence {S n,p (f ; q)}. For the next theorem we shall use some notations. Now we state our next main result.
